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Abstract
We present a renormalized computational framework for the evolution of a
self-interacting scalar field (inflaton) and its quantum fluctuations in an FRW
background geometry. We include a coupling of the field to the Ricci scalar
with a general coupling parameter ξ. We take into account the classical and
quantum back reactions, i.e., we consider the the dynamical evolution of the
cosmic scale factor. We perform, in the one-loop and in the large-N approx-
imation, the renormalization of the equation of motion for the inflaton field,
and of its energy momentum tensor. Our formalism is based on a perturba-
tive expansion for the mode functions, and uses dimensional regularization.
The renormalization procedure is manifestly covariant and the counter terms
are independent of the initial state. Some shortcomings in the renormaliza-
tion of the energy-momentum tensor in an earlier publication are corrected.
We avoid the occurence of initial singularities by constructing a suitable class
1 e-mail: baacke@physik.uni-dortmund.de
2e-mail: paetzold@hal1.physik.uni-dortmund.de
of initial states. The formalism is implemented numerically and we present
some results for the evolution in the post-inflationary preheating era.
2
1 Introduction
Nonequilibrium processes in cosmology have recently been considered by var-
ious authors. The main interest has been centered around the possible infla-
tionary period of the universe (see e.g. [1, 2, 3]) and the subsequent reheating
[4, 5]. It has already been found, by considering parametric resonance [6] as-
sociated with oscillations of the inflaton field and by exact computations
including back reaction both in Minkowski space [7, 8] and in an expand-
ing universe [9, 10, 11, 12], that the time-dependent inflaton field produces
particles or classical fluctuations preferentially at low momenta and not in a
distribution corresponding to thermal equilibrium. This process of particle
production has therefore been termed preheating [6, 13].
The equations of motion for nonequilibrium systems have been presented
by various authors [14, 15] using the CTP formalism introduced by Schwinger
[16] and Keldysh [17]. Their application to inflation within a conformally flat
Friedmann-Robertson-Walker (FRW) universe has been initiated by Ring-
wald [18]; they have recently been implemented numerically in [9, 10, 19]
and [12]. Similar computations have been performed in configuration space
for the case that the fluctuations are treated as classical ones [20]. Again
fluctuations with rather low momenta are strongly excited, thus justifying
the classical approximation. Apart form such exact numerical computations
there exist also various analyses based on analytical approximations to the
solution of the mode equations [11, 21, 22, 23, 24].
We have recently considered [25] nonequilibrium dynamics of a scalar
inflaton field and its quantum fluctuations in FRW cosmology. This work
was based on a method for renormalized numerical computations in quantum
field theory, introduced for nonequilibrium dynamics in Minkowski space in
[26]. In this method the leading, divergent parts of the fluctuation integrals
appearing in the inflaton equation of motion and in the energy-momentum
tensor are separated from the numerical computation of finite parts. This
allows for a free choice of regularization, which is performed analytically. In
[25] we chose dimensional regularization. The renormalization then can be
performed in the usual way, with the standard counter terms of equilibrium
quantum field theory, manifestly covariant 3 and independent of the initial
conditions. In applying this method to a scalar field in FRW space-time we
found that renormalization introduces singularities in the time variable at
3This is to be understood in the restricted sense of special relativistic covariance.
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the initial time t0, taken to be 0 in the following. While the equation of
motion for the inflaton field is finite as t→ 0, the energy-momentum tensor
is not. So the Friedmann equations have an initial singularity. We, therefore,
were not able to numerically implement our formalism.
Depending on the parameters and the model under consideration, these
singularities can be more or less pronounced. It is well known that the
main excitation of fluctuations appears in a low momentum resonance band,
so the ultraviolet divergences, the precise handling of renormalization and
thereby the initial singularities may be considered relatively unimportant.
Certainly the main features of inflaton dynamics, as presented in [10] will not
be changed if renormalization is handled in a more meticulous way. However,
in order to be on safe grounds, one should be sure that the renormalization
aspects can be handled properly and consistently.
In [12] renormalization was performed by adiabatic regularization, i.e.,
by subtracting the leading adiabatic orders of the fluctuation terms. The
problem of initial singularities there was avoided by starting the system with
a smooth transition, for the inflaton mean field and its fluctuations, from
an initial phase in which the back reaction of the fluctuations is switched
off. In this initial phase the time dependence of cosmic scale parameter is
fixed, and the evolution of the fluctuations is handled analytically. The initial
singularities are indeed related to a noncontinuos behaviour of the effective
mass of the scalar field fluctuations, a mass whose variation is determined
by the background metric and the inflaton mean field. In [27] (see also
[28]) we found a different solution of the problem of initial singularities, a
Bogoliubov transformation of the initial state. Using our mode expansion
and our construction of the initial state, it was shown in [29] that this initial
state corresponds, in the terminology of the adiabatic expansion, to a vacuum
state of adiabatic order 4.
Having solved the problem of initial singularities we are now able to im-
plement our formalism numerically. Besides these numerical computations
with nonsingular initial conditions we will present here some further formal
developments.
Part of these is made necessary by fact that in our previous work we
omitted several finite terms in the renormalized energy-momentum tensor, as
criticized in [29]. In applying dimensional regularization we did not take into
account the dimensional continuation of the conformal rescaling of the fields,
and of the dimensional continuation of the various basic tensors. Further-
more, the determination of the counter terms was based on the consideration
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of the conformally flat FRW metric. It is not possible, then, to fix these
counter terms in an unique way. As a consequence the anomaly of the stress
tensor did not appear at all. This is, therefore, not due to a shortcoming of
our formalism, but to the very special nature of the problem.
A further extension of our previous work is the consideration of the large-
N limit in the O(N) σ model. This requires a reconsideration of the renor-
malization procedure, leading to modified counter terms.
The analysis presented here is performed for arbitrary values of the con-
formal coupling ξ, which appears in various renormalization constants and is
itself renormalized.
We will present the basic relations of FRW cosmology in section 2. The
nonequilibrium dynamics of a scalar mean field and its fluctuations in this
geometry is introduced in section 3, the associated energy-momentum tensor
in section 4. In section 5 we describe our perturbative expansion of the mode
functions and derive some expressions occuring in the various fluctuation
integrals. Renormalization of the one-loop equations of motion and of the
energy-momentum tensor is considered in sections 6 and 7, respectively. In
section 8 we construct the Bogoliubov transformation by which the initial
singularities are removed. In section 9 we extend our formalism to the O(N)
σ model. We present and discuss some results of our numerical computations
in section 10.
2 FRW cosmology
We consider the Friedmann-Robertson-Walker metric with curvature param-
eter k = 0, i. e. a spatially isotropic and flat space-time. The line-element
is given in this case by
ds2 = dt2 − a2(t)dx2 . (2.1)
The time evolution of the cosmic scale factor a(t) is governed by Einstein’s
field equation
(1 + δZ)Gµν + δα
(1)H µν + δβ
(2)H µν + δγ H µν + δΛg µν = −κ〈Tµν〉 (2.2)
with κ = 8πG.
The Einstein curvature tensor Gµν is given by
Gµν = Rµν − 12gµνR . (2.3)
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The Ricci tensor and the Ricci scalar are defined as
Rµν = R
λ
µνλ , (2.4)
R = gµνRµν , (2.5)
where
Rλαβγ = ∂γΓ
λ
αβ − ∂αΓλγβΓλγσΓσαβ − ΓλασΓσγβ . (2.6)
The tensors (1)Hµν ,
(2)Hµν , and Hµν arise from the variation of terms pro-
portional to R2, R αβRαβ , and R
αβγδRαβγδ in the Hilbert-Einstein action.
Their precise definitions, valid for general dimension n, and the subsequent
identities for n = 4 are given in [30]:
(1)H µν =
1√−g
δ
δg µν
∫
dnx
√−g R2
= 2R;µν − 2g µν ✷R − 1
2
g µν R
2 + 2RR µν , (2.7)
(2)H µν =
1√−g
δ
δg µν
∫
dnx
√−g R αβR αβ
= 2R αµ ;να − ✷Rµν −
1
2
g µν ✷R + 2R
α
µR αν −
1
2
g µν R
αβR αβ
= R ;µν − 1
2
g µν ✷R− ✷R µν − 1
2
g µν R
αβR αβ + 2R
αβR αµβν ,
(2.8)
H µν =
1√−g
δ
δg µν
∫
dnx
√−g R αβγδR αβγδ
= −1
2
g µνR
αβγδRαβγδ + 2R
µαβνR αβγν − 4✷R µν + 2R ;µν
−4R µαR αν + 4R αβR αµβν . (2.9)
In the case n = 4 the generalized Gauss-Bonnet theorem states that∫
d4x
√−g
(
R αβγδR
αβγδ +R2 − 4R αβRαβ
)
(2.10)
is a topogical invariant. It then follows that
H µν = −(1)H µν + 4 (2)H µν , n = 4 . (2.11)
Furthermore, in conformally flat space-time as considered here,
(2)H µν =
1
3
(1)H µν , n = 4 . (2.12)
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These terms, as well as the terms δZGµν and δΛgµν are introduced for the
purpose of renormalization. They are going to absorb the divergences arising
in the energy-momentum tensor. It will be more convenient, later on, to add
analogous terms to the energy-momentum tensor, with coefficients δΛ˜ =
δΛ/κ, δα˜ = δα/κ etc.. Of course the cosmological constant and higher
curvature terms may be present in the bare action already, if required by
observation. Dividing (2.2) by 1+δZ one sees that δZ may also be considered
as renormalizing Newton’s constant.
With the FRW metric (2.1) the Einstein field equations reduce to equa-
tions for the time-time component and for the trace of Gµν , the Friedmann
equations
(1 + δZ)Gtt + α
(1)Htt + δβ
(2)Htt + δγHtt + δΛ = −κTtt , (2.13)
(1 + δZ)Gµµ + α
(1)Hµµ + δβ
(2)Hµµ + δγH
µ
µ + nδΛ = −κT µµ . (2.14)
We now compute the various terms for the n dimensional line element
(2.1). For the Christoffel symbols for an n dimensional flat FRW universe
one finds
Γ tij = aa˙ δij ; Γ
j
kt = Γ
j
tk =
a˙
a
δjk . (2.15)
The nonvanishing components of the Riemann tensor are
R titk = a¨a δik , R
t
ijt = −a¨a δij , (2.16)
R lttk =
a¨
a
δlk , R
l
tjt = −
a¨
a
δlj . (2.17)
for those of the Ricci tensor one finds
R tt = (n− 1) a¨
a
, R ij =
[
−a¨a− (n− 2)a˙2
]
δij , (2.18)
this leads to the Ricci curvature scalar
R = 2(n− 1) a¨
a
+ (n− 1)(n− 2)
(
a˙
a
)2
. (2.19)
Expressed in terms of Hubble’s constant
H(t) =
a˙(t)
a(t)
(2.20)
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it takes the form
R = (n− 1)
(
2H˙ + nH2
)
. (2.21)
The time-time components and the trace of the tensors (n)Hµν are given by
(1)H tt = −6HR˙ + 1
2
R2 − 6H2R (2.22)
+(n− 4)
(
−2HR˙− (n+ 1)RH2
)
,
(2)H tt = −2HR˙ + 1
6
R2 − 2H2R + (n− 4)
(
−1
2
HR˙ (2.23)
− R
2
24(n− 1) −
1
4
(n + 2)H2R +
1
8
(n− 1)(n− 2)2H4
)
,
H tt = −2HR˙ + 1
6
R2 − 2H2R (2.24)
+(n− 4)
(
− R
2
6(n− 1) −H
2R +
1
2
(n− 1)(n− 2)H4
)
,
(1)H µµ = −6R¨ − 18HR˙+ (n− 4)
(
−2R¨− 2(n+ 2)HR˙− 1
2
R2
)
,(2.25)
(2)H µµ = −2R¨ − 6HR˙ + (n− 4)
(
−1
2
R¨− 1
2
(n+ 3)HR˙ (2.26)
− nR
2
8(n− 1) +
1
4
(n− 2)2H2R− 1
8
n(n− 1)(n− 2)2H4
)
,
H µµ = −2R¨ − 6HR˙ + (n− 4)
(
−2HR˙− R
2
2(n− 1)
+(n− 2)H2R − 1
2
n(n− 1)(n− 2)H4
)
. (2.27)
3 Nonequilibrium equations for the scalar field
The Lagrangian density of a φ4-theory in curved space-time is given by
L = √−g
{
1
2
∂µΦ∂
µΦ− 1
2
m2Φ2 − ξ
2
RΦ2 − λ
4!
Φ4
}
, (3.1)
where R(x) is the curvature scalar and ξ the bare dimensionless parameter
describing the coupling of the bare scalar field to the gravitational back-
ground. We split the field Φ into its expectation value φ and the quantum
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fluctuations ψ:
Φ(x, t) = φ(t) + ψ(x, t) , (3.2)
with
φ(t) = 〈Φ(x, t)〉 = TrΦρ(t)
Trρ(t)
, (3.3)
where ρ(t) is the density matrix of the system which satisfies the Liouville
equation
i
dρ(t)
dt
= [H(t), ρ(t)] . (3.4)
The one-loop equation of motion of a scalar field with λφ4 interaction has
been obtained in the FRW universe by Ringwald [18]; we follow closely his
formulation. The equation of motion for the classical field is
φ¨+ (n− 1)Hφ˙+ (m2 + ξR)φ+ λ
6
φ3 +
λ
2
〈ψ2〉φ = 0 . (3.5)
The expectation value of the quantum fluctuations 〈ψ2〉 can be expressed as
〈ψ2〉 = −iG(t,x; t,x) (3.6)
in terms of the non-equilibrium Green function G(t,x; t′,x′) which satisfies
[
∂2
∂t2
+ (n− 1)H ∂
∂t
+ a−2(t)~∇2 +m2 + ξR(t)
+
λ
2
φ2(t)
]
G(t,x; t′,x′) =
i
a3(t)
δ(t,x; t′,x′) . (3.7)
The boundary conditions for this Green functions will be given below. Due to
the presence of the term H(t)∂/∂t the differential operator on the left hand
side of this equation is non-hermitian. It is made hermitian by introducing
conformal time and appropriate scale factors. Conformal time is defined as
τ =
t∫
0
dt′
1
a(t′)
. (3.8)
In conformal time the line-element (2.1) reads
ds2 = C(τ)(dτ 2 − dx2) , (3.9)
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where the conformal factor C(τ) is given by
C(τ) = a2(τ) . (3.10)
We further rescale the scalar field and its quantum fluctuations by introduc-
ing the dimensionless ‘conformal’ fields
ϕ(τ) = a
n
2
−1(t)φ(t) , (3.11)
ψ˜(τ,x) = a
n
2
−1(t)ψ(t,x) . (3.12)
The Green function is rescaled accordingly via
G˜(x, τ ;x′, τ ′) = a
n
2
−1(t)a
n
2
−1(t′)G(x, t;x, t′) . (3.13)
The equation of motion of the classical field ϕ(τ) now becomes
ϕ′′(τ) + a2(τ)
[
m2 + (ξ − ξn)R(τ)
]
ϕ(τ) +
λ(a(τ)µ)ǫ
6
ϕ3(τ) = 0 (3.14)
with
ξn =
n− 2
4(n− 1) , (3.15)
and where the primes denote derivatives with respect to conformal time. The
two-point-function G˜ now satisfies[
∂2
∂τ 2
−∇2 +M2(τ)
]
G˜(x, τ ;x, τ ′) = −δ(x, τ ;x′, τ ′) . (3.16)
Here M2(τ) denotes the square of the effective mass term the fluctuation
field ψ˜(τ,x)
M2(τ) = a2(τ)
[
m2 + (ξ − ξn)R(τ)
]
+
λ(a(τ)µ)ǫ
2
ϕ2(τ) . (3.17)
For later discussion it is useful to divide M2(τ) into the usual 4 dimensional
part and into a part proportional to (n− 4):
M2(τ) = a2
[
m2 +
(
ξ − 1
6
)
R(τ)
]
+
λ(aµ)ǫ
2
− n− 4
12 (n− 1)a
2R . (3.18)
When multiplied by a divergent factor 1/(n− 4) the last term yields a finite
contribution.
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The problem of determining the Green function is now essentially reduced
to the equivalent problem in Minkowski space. We expand the fluctuation
field in terms of the mode functions Uk(τ) exp(ikx) via
ψ˜(τ,x) =
∫ dn−1k
(2π)n−1
[
c(k)Uk(τ)e
ikx + c†(k)U∗k (τ)e
−ikx
]
. (3.19)
The functions Uk(τ) satisfy the mode equation
U ′′k (τ) + Ω
2
k(τ)Uk(τ) = 0 , (3.20)
with
Ω2k(τ) = k
2 +M2(τ) (3.21)
We further impose the initial conditions
Uk(0) = 1 ; U
′
k(0) = −iΩk(0) , (3.22)
with
Ωk(0) =
√
k2 +M20 . (3.23)
In the following we will use the short notation Ωk0 = Ωk(0). The nonequilib-
rium Green function G˜k(τ,x; τ
′,x ′) can by expressed in terms of the mode
functions via
G˜k(τ,x; τ
′,x′) =
∫ dn−1k
(2π)n−1
i
2Ωk0
{
θ(τ − τ ′)Uk(τ)U∗k (τ ′)eik(x−x
′)
+θ(τ ′ − τ)U∗k (τ ′)Uk(τ)e−ik(x−x
′)
}
.(3.24)
The expectation value of the fluctuation fields is given, therefore, by the
fluctuation integral
F˜(τ) = 〈ψ˜2(τ)〉 = −iG˜(τ,x; τ,x) =
∫ dn−1k
(2π)n−1
|Uk(τ)|2
2Ωk0
. (3.25)
The unrenormalized equation of motion of the inflaton field reads
ϕ′′ + a2
[
m2 + (ξ − ξn)R
]
ϕ+
λ(aµ)ǫ
6
ϕ3 +
λ(aµ)ǫ
2
ϕF = 0 . (3.26)
The regularization of the fluctuation integral and the renormalized form of
this equation will be discussed below.
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The field expansion (3.19), together with the equation of motion for the
mode functions and the initial conditions, defines a Fock space in which the
initial quantum state or density matrix can be represented. The ground state
is the conformal vacuum state [30], it has been chosen previously [18, 9]
as the initial state for the nonequilibrium evolution. As mentioned in the
introduction we have found [27] that for such an initial state the energy-
momentum tensor becomes singular at the initial time. The construction of
a suitable initial state, avoiding such singularities, will be given below.
4 The energy-momentum tensor
In order to formulate Einstein’s field equation we have to discuss the energy-
momentum tensor of the scalar field in curved space time. For a classical
field it reads [30]
Tµν = (1− 2ξ)φ;µφ;ν +
(
2ξ − 1
2
)
gµνg
ρσφ;ρφ;σ − 2ξφ;µνφ
+2ξgµνφ✷φ− ξGµνφ2 + 12m2gµνφ2 + λ4!gµνφ4 . (4.1)
In the conformally flat FRWmetric the energy-momentum tensor is diagonal.
One obtains for its time-time component and its trace
T cltt =
1
2
φ˙2 +
1
2
m2φ2 +
λ
4!
φ4 − ξGttφ2 + 2(n− 1)ξHφφ˙ ,
T µ clµ =
[
1− n
2
+ 2(n− 1)ξ
]
φ˙2 + n
(
1
2
m2φ2 +
λ
24
φ4
)
− ξGµµφ2
+2(n− 1)ξ
[
φ¨+ (n− 1)Hφφ˙
]
φ . (4.2)
We again introduce conformal time and the conformal rescaling of the fields.
Furthermore, we include the quantum fluctuations of the field ϕ. The classi-
cal energy density then takes the form 4
T cltt =
1
a2−ǫ
{
1
2a2
ϕ′2 +
1
2
m2ϕ2 +
λ(aµ)ǫ
4!a2
ϕ4
+2(n− 1) (ξ − ξn)
(
H
a
ϕϕ′ − 1
4
(n− 2)H2ϕ2
)}
. (4.3)
4We continue to consider Ttt instead of Tττ for convenience.
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The fluctuation energy density is given by
T qtt =
1
a2−ǫ
∫ dn−1k
(2π)n−1
{ |U ′k|2
2a2
+
1
2a2
Ωk(τ)
2|Uk|2 (4.4)
+(n− 1) (ξ − ξn)
[
H
a
d
dτ
|Uk|2 −
(
1
2
(n− 2)H2 + R
2(n− 1)
)
|Uk|2
]}
.
We obtain for the classical and fluctuation parts of the trace
T clµµ =
1
a2−ǫ
{
2(n− 1) (ξ − ξn)
[
ϕ′
a
− 1
2
(n− 2)Hϕ
]2
+2(n− 1)ξϕϕ
′′
a2
+ n
[
1
2
m2ϕ2 +
λ(aµ)ǫ
24a2
ϕ4
]}
(4.5)
T qµµ =
1
a2−ǫ
∫
dn−1k
(2π)n−1
{[
n− 2
2
− 2(n− 1)ξ
] [
−|U
′
k|2
a2
+
Ωk(τ)
a2
|Uk|2
+
1
2
(n− 2)H
a
d
dτ
|Uk|2 − 1
4
(n− 2)2
(
H2 − R
(n− 1)(n− 2)
)
|Uk|2
]
+
(
m2 +
λ(aµ)ǫ
2a2
)
|Uk|2
}
. (4.6)
Energy density and pressure are related to the energy-momentum tensor via
Ttt = E ,
T µµ = E − (n− 1)p . (4.7)
It is straightforward to show, using the equations of motion for the clas-
sical field and for the mode functions (3.7), that the energy is covariantly
conserved:
E ′(τ)/a(τ) + (n− 1)H(τ)(p(τ) + E(τ)) = 0 . (4.8)
5 Perturbative expansion
In order to prepare the renormalized version of the equations given in the
previous section we introduce a suitable expansion of the mode functions,
which was used in [26, 31, 32] for the inflaton field coupled to itself, to
gauge bosons, and to fermions in Minkowski-space. In the context of FRW
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cosmology it has been used in a similar way in [33]. Adding the term M20 on
both sides of the mode function equation it takes the form
[
d2
dτ 2
+ Ω2k0
]
Uk(τ) = −V (τ)Uk(τ) , (5.1)
with
V (τ) = M2(τ)−M20 ,
Ωk0 =
[
k2 +M20
]1/2
(5.2)
(for the definition of M2(τ) see eq.(3.17)). Including the initial conditions
(3.22) the mode functions satisfy the equivalent integral equation
Uk(τ) = e
−iΩk0τ +
∞∫
0
dτ ′∆k,ret(τ − τ ′)V (τ ′)Uk(τ ′) , (5.3)
with
∆k,ret(τ − τ ′) = − 1
Ωk0
Θ(τ − τ ′) sin (Ωk0(τ − τ ′)) . (5.4)
We separate Uk(τ) into the trivial part corresponding to the case V (τ) = 0
and a function hk(τ) which represents the reaction to the potential by making
the ansatz
Uk(τ) = e
−iΩk0τ (1 + hk(τ)) . (5.5)
hk(τ) satisfies then the differential equation
h¨k(τ)− 2iΩ0kh˙k(τ) = −V (τ)(1 + hk(τ)) (5.6)
with the initial conditions hk(0) = h˙k(0) = 0, and the associated integral
equation
hk(τ) =
τ∫
0
dτ ′∆k,ret(τ − τ ′)V (τ ′)(1 + hk(τ ′))eiΩk0(τ−τ ′) . (5.7)
We expand now hk(τ) with respect to orders in V (τ) by writing
hk(τ) = h
(1)
k (τ) + h
(2)
k (τ) + h
(3)
k (τ) + · · · (5.8)
= h
(1)
k (τ) + h
(2)
k (τ) , (5.9)
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where h
(n)
k (τ) is of n’th order in V (τ) and h
(n)
k (τ) is the sum over all orders
beginning with the n’th one:
h
(n)
k (τ) =
∞∑
l=n
h
(n)
k (τ) . (5.10)
The h
(n)
k are obtained by iterating the integral equation (5.7). The function
h
(1)
k (τ) is identical to the function hk(τ) itself which is obtained by solving
(5.6). The function h
(2)
k (τ) can again be obtained by iteration via
h
(2)
k (τ) =
τ∫
0
dτ ′∆k,ret(τ − τ ′)V (τ ′)h(1)k (τ ′)eiΩk0(τ−τ
′) , (5.11)
or by using the equivalent differential equation
h′′
(2)
k (τ)− 2iΩk0h′(2)k (τ) = −V (τ)h(1)k (τ) . (5.12)
This iteration has the numerical aspect that it avoids computing h
(2)
k via the
small difference h
(1)
k − h(1)k .
The integral equations are used in order to derive the asymptotic be-
haviour as Ωk0 →∞ and to separate divergent and finite contributions. We
will give here the relevant leading terms for h
(1)
k (τ) and h
(2)
k (τ). We have
h
(1)
k (τ) =
i
2Ωk0
τ∫
0
dτ ′(exp(2iΩk0(τ − τ ′))− 1)V (τ ′) . (5.13)
Integrating by parts we obtain
h
(1)
k (τ) = −
i
2Ωk0
τ∫
0
dτ ′V (τ ′)− 1
4Ω2k0
V (τ)+
1
4Ω2k0
τ∫
0
dτ ′ exp(2iΩk0(τ−τ ′))V ′(τ ′) ,
(5.14)
or, by another integration by parts,
h
(1)
k (τ) = −
i
2Ωk0
τ∫
0
dτ ′V (τ ′)− 1
4Ω2k0
V (τ) +
i
8Ω3k0
V ′(τ) (5.15)
− i
8Ω3k0
τ∫
0
dτ ′ exp(2iΩk0(τ − τ ′))V ′′(τ ′) . (5.16)
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We will need often the real part of h
(1)
k for which we find
Re h
(1)
k (τ) = −
1
4Ω2k0
V (τ) +
1
4Ω2k0
C(V ′, τ) . (5.17)
Here we have introduced the notation 5
C(f, τ) =
τ∫
0
dτ ′ cos(2Ωk0(τ − τ ′))f(τ ′) . (5.18)
which will prove to be useful later. For the leading behaviour of h
(2)
k (τ) we
find
h
(2)
k (τ) = −
1
4Ω2k0
τ∫
0
dτ ′
t′∫
0
dτ ′′V (τ ′)V (τ ′′) +O(Ω−3k0 ) . (5.19)
In terms of this perturbative expansion we can write the mode functions
appearing in the fluctuation integrals in the equation of motion and in the
energy-momentum tensor as
|Uk|2 = 1 + 2Reh(1)k + |h(1)k |2 , (5.20)
and
|U ′k|2 = Ω2k0
(
1 + 2Reh
(1)
k + |h(1)k |2
)
+ |h′(1)k |2
−iΩk0
(
−2iImh′k(1) − 2iImh(1)∗k h′(1)k
)
. (5.21)
As the potential is real, the leading behaviour of the sums is
1 + 2Reh
(1)
k + |h(1)k |2 = 1−
1
2Ω2k0
V (τ) +
1
4Ω3k0
sin(2Ωk0τ)V
′(0) +
1
8Ω4k0
V ′′(τ)
− 1
8Ω4k0
cos(2Ωk0τ)V
′′(0) +
3
8Ω4k0
V 2(τ) +O(Ω−5k0 ) , (5.22)
and
− 2iImh′(1)k − 2iImh(1)∗k h′(1)k =
i
Ωk0
V (τ)− i
2Ω2k0
sin(2Ωk0τ)V
′(0)− i
4Ω3k0
V ′′(τ)
+
i
4Ω3k0
cos(2Ωk0τ)V
′′(0)− 3i
4Ω3k0
V 2(τ) +O(Ω−4k0 ) .
(5.23)
5For the numerical computation we use the addition theorem to split the integral into
two integrals whose integrands depend on t′ only; these can be updated easily.
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From the Wronskian relation
UkU
∗
k
′ − U ′kU∗k = 2iΩk0 (5.24)
we obtain
2iΩk0
(
2Reh
(1)
k + |h(1)k |2
)
− 2iImh′(1)k − 2iIm h(1)∗k h′(1)k = 0 , (5.25)
which proves to be useful in simplifying the mode integrals occuring in the
energy-momentum tensor. Using the Wronskian relation we obtain for |U ′k|2
|U ′k|2 = Ω20 − Ω20
(
2Reh
(1)
k + |h(1)k |2
)
+ |h′k|2 . (5.26)
By means of the equation of motion and Eq. (5.26) we have
1
2
d2
dτ 2
|Uk|2 = |U ′k|2 − Ω(t)2|Uk|2 (5.27)
= −
(
V (τ) + 2Ω20
)(
2Reh
(1)
k + |h(1)k |2
)
+ |h′k|2 − V (τ)
6 Renormalization of the equation of motion
Having expanded the mode functions perturbatively, we are able to sepa-
rate the divergent parts of the mode sum in an analytic way, leaving the
finite parts for numerical computation. This allows for a free choice of regu-
larizations. Furthermore, the analytic expressions for the divergent parts, as
separated from the mode sum, essentially have the standard form as obtained
from Feynman graphs, so a comparison with purely analytic approaches is
straightforward.
Among the regularizations used in field theory in curved space are: point-
splitting, dimensional, and adiabatic regularization. Point-splitting regular-
ization is technically involved as it requires performing the delicate and non-
covariant limit x′ → x. Adiabatic regularization actually is a subtraction, it
has often been used [30], most recently in [12]. Adiabatic regularization is
considered to be well suited for numerical computations, as the entire diver-
gent part is subtracted, encompassing this way the problem of regularization.
Here we choose dimensional regularization as it fits in the most appropri-
ate way into our formalism. We have already used it in our previous work
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on FRW cosmology. Here we have to correct for some omissions in the fi-
nite terms, and in particular for the conformal anomaly. In [25] we have
performed the renormalization by considering the equation of motion for the
condensate and of the Einstein equations. This is possible in 4-dimensional
conformally flat space, and leads to a conserved energy-momentum tensor;
it does not correspond, however, to a properly renormalized local action [30]
and does not work for more general metrics. This shortcoming has been
criticized in [29].
In our previous publication we have performed the conformal scaling in
four dimensions, and applied dimensional regularization to the resulting ‘flat
space’ equations in analogy to the Minkowski case. We thereby missed terms
arising from the dimensional continuation of the conformal rescaling, result-
ing in particular in the absence of some terms involving log a(t). As to the
equation of motion for the inflaton field, these are the only corrections. The
renormalization of the energy-momentum tensor is more subtle and will be
discussed in the next section.
Using (5.17) we split the fluctuation integral of the equation of motion
into a divergent and a convergent part. Using (5.17) we
F(τ) =
∫
dn−1k
(2π)n−1
1 + 2Reh
(1)
k (τ) + |h(1)k (τ)|2
2Ωk0
=
∫
dn−1k
(2π)n−1
1
2Ωk0
(
1− 1
2Ωk0
2V (τ) +
1
2Ωk0
2C(V ′, τ)
+2Reh
(2)
k (τ) + |h(1)k (τ)|2
)
. (6.1)
The first two terms in the integrand have to be regularized, as they lead to
a logarithmic and a quadratic divergence. We can do another integration by
parts of the C(V ′, τ) and arrive at
F(τ) =
∫
dn−1k
(2π)n−1
1
2Ωk0
{
(1− 1
2Ωk0
2V (τ) +
1
4Ω3k0
sin(2Ωk0τ)V
′(0) (6.2)
− 1
8Ω4k0
cos(2Ωk0τ)V
′′(0) +
V¨ (τ)
8Ω4k0
− C(V
′′′, τ)
8Ω4k0
+ 2Reh
(2)
k + |hk|2
}
.
Those parts of the integral that involve sin(2Ωk0τ) and cos(2Ωk0τ) develop a
non-analytic behaviour as τ → 0. This is due to the fact that the modula-
tion of the integrand by the trigonometric functions disappears in this limit.
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Here the non-analyticity is of the form τ log τ and τ 2 log τ , respectively. In
the energy-momentum tensor the analogous terms result in 1/τ and log τ
singularities. These singularities will be discussed later, in section 8.
We first rewrite the basic equation of motion, including appropriate counter
terms, as
ϕ′′ + a2
[
m2 + δm+ (ξ − ξn + δξ)R
]
ϕ (6.3)
+
λ+ δλ
6
(aµ)ǫϕ3 +
λ
2
ϕ(aµ)ǫF = 0 .
Next we separate from the term λϕF/2 the dimensionally regularized diver-
gent parts. The two relevant expressions behave as
(aµ)ǫ
λ
2
ϕ
∫
d3−ǫk
(2π)3−ǫ
1
2 [k2 +M20 ]
1/2
≃ −λM
2
0ϕ
32π2
(L0 + 1) (6.4)
and
− 1
8
(aµ)ǫλϕV (τ)
∫
d3−ǫk
(2π)3−ǫ
1
[k2 +M20 ]
3/2
≃ −λϕV (τ)
32π2
L0 (6.5)
in the limit ǫ→ 0. Here we have defined
L0 =
2
ǫ
+ ln
4πµ2a2(τ)
M20
− γ . (6.6)
This cannot be absorbed, e.g., in an MS scheme, by a renormalization
counter term, as it depends on τ , and on the initial mass M0. Recalling
that V (τ) =M2(τ)−M20 and
M2(τ) = a2
[
m2 +
(
ξ − 1
6
)
R(τ)
]
+
λ(aµ)ǫ
2
− n− 4
12 (n− 1)a
2R , (6.7)
we find that the two divergent terms combine into
− λM
2(τ)ϕ
32π2
L0 − λM
2
0ϕ
32π2
. (6.8)
The divergences can now be cancelled by the counter terms
δm2 =
λm2
32π2
L , (6.9)
δλ =
3λ2
32π2
L , (6.10)
δξ =
λ(ξ − 1
6
)
32π2
L , (6.11)
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where
L =
2
ǫ
+ ln
4πµ2
m2
− γ . (6.12)
This leaves some finite parts proportional to L− L0 = ln m2a2M2
0
, and an addi-
tional finite term due to (n− 4) part of M2(τ) multiplied with the 1/(n− 4)
term of the divergent integral. Finally the renormalized equation of motion
in n = 4 dimensions reads
ϕ′′+ a2
[
m2 +∆m2 +
(
ξ +∆ξ − 1
6
)
R
]
ϕ+
λ+∆λ
6
ϕ3+
λ
2
ϕFˆfin = 0 (6.13)
where Fˆfin is defined as
Fˆfin = − a
2R
288π2
+ Ffin (6.14)
with
Ffin = − M
2
0
16π2
+
∫
d3k
(2π)3
1
2Ωk0
(
1
2Ωk0
2C(V ′, τ) + 2Reh(2)k + |h(1)k |2
)
. (6.15)
The finite mass and coupling constant corrections are defined as
∆m2 = − λm
2
32π2
ln
m2a2
M20
, (6.16)
∆λ = − 3λ
2
32π2
ln
m2a2
M20
, (6.17)
∆ξ = −λ(ξ −
1
6
)
32π2
ln
m2a2
M20
. (6.18)
Note that these are time-dependent, due to the occurence of a(τ). This is a
feature we have missed in [25], as we did not continue the conformal rescaling
to n 6= 4.
7 Renormalization of the energy-momentum
tensor
In order to derive a renormalized form of the Friedmann equations we have
to renormalize the energy-momentum tensor. In principle this has been dis-
cussed long ago and indeed the divergent parts will be found to be in one-to-
one correspondence to those given in the standard literature [30]. However,
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we have to discuss this subject in the framework of nonequilibrium quantum
field theory, and we are interested in particular in the precise form of the
finite parts which will be the subject of a numerical computation.
Our previous discussion of the renormalization of the energy-momentum
tensor had three shortcomings:
(i) as for the equation of motion we have not extended the conformal
rescaling to n 6= 4, these will result in log a(t) contributions, as above ;
(ii) we have not continued the tensor structures to n 6= 4; these terms,
proportional to (n − 4), will be explicitly displayed below, they contribute
finite terms when multiplied by 1/(n− 4);
(iii) finally, we have discussed renormalization using the Einstein equa-
tions, and not the Hilbert-Einstein action; this is the reason why the confor-
mal anomaly did not appear.
As, nevertheless, the energy-momentum tensor was found to be conserved,
these shortcomings passed unnoticed. This fact, and the absence of the
anomaly, are related to the very special nature of the conformally flat metric
in n = 4. Indeed a unique determination of the counter terms would require
the consideration of quantum field theory in a general background metric, and
will necessarily be incomplete if only one (and even very particular) metric is
used. We will first derive the divergent terms and discuss this rather subtle
matter afterwards.
In deriving the divergent and finite parts of the energy-momentum tensor
we have to consider an expansion in powers of (n − 4) = −ǫ. The general
expression contains various factors with an explicit n-dependence. We define
a tensor T (4)µν where in all of these factors n is set equal to 4, in which, however,
the fluctuation integral is defined in n dimensions. We define a second tensor,
T (n−4)µν , which takes into account terms linear in (n − 4) from the explicit
factors, multiplied by terms proportional to 1/(n − 4) from the divergent
fluctuation integral, and of the counter terms. The remaining terms, less
singular or with higher powers of (n−4), do not contribute when n→ 4. We
expand the tensor as
Tµν = Tµν
(4) + Tµν
(n−4) +O(n− 4) . (7.1)
Explicitly these tensors are given by
Ttt
(4) =
1
2a4
ϕ′2 +
1
2a2
(
m2 + δm2
)
ϕ2 +
λ+ δλ
4!a4
ϕ4
+(1− 6ξ − 6δξ)
(
H2
2a2
ϕ2 − H
a3
ϕϕ′
)
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+δΛ˜ + δα˜ (1)H
(4)
tt + δβ˜
(2)H
(4)
tt + δγ˜H
(4)
tt + δZ˜G
(4)
tt
+
1
an−2
∫
dn−1k
(2π)n−1
1
2Ωk0
{
1
2a2
|U ′k|2 +
1
2a2
Ω(τ)|Uk|2 − 1
2
(
ξ − 1
6
)
R|Uk|2
−1
2
(6ξ − 1)H2|Uk|2 + 1
2
(6ξ − 1)H
a
d
dτ
|Uk|2
}
,
Ttt
(n−4) = (n− 4)
{
6δξ
H2
4a2
ϕ2
+2δξ
(
H
a3
ϕϕ′ − H
2
2a2
ϕ2
)
+ δZ
(
−5
2
H2
)
+δα
(
−2HR
′
a
− 5H2R
)
+ δγ
(
−R
2
18
−H2R + 3H4
)
+δβ
(
HR′
2a
− R
2
72
− 3
2
H2R +
3
2
H4
)}
+(n− 4)
∫ dn−1k
(2π)n−1
1
2Ω0
1
a2−ǫ
{(
2ξ − 1
2
) [
−
(
H2 +
R
6
)
|Uk|2
+
H
2a
d
dτ
|Uk|2
]
− (6ξ − 1)
(
H2
4
− R
36
)
|Uk|2
}
. (7.2)
The divergent parts of the fluctuation integral are
Ediv,fluc = 1
an−2
∫
dn−1k
(2π)n−1
[
Ωk0
2a2
+
1
4Ωk0a2
V (τ)− 1
16Ω3k0a
2
V 2(τ)
−1
2
(6ξ − 1)
(
R
6
+H2
) [
1
2Ωk0
− 1
4Ω3k0
V (τ)
]
−1
2
(6ξ − 1)H
a
1
4Ω3k0
V ′(τ)
]
. (7.3)
Dimensional regularisation of the first three terms in the integral yields
∫
dn−1k
(2π)n−1
1
an
[
Ωk0
2
+
1
4Ωk0
V (τ)− 1
16Ω3k0
V 2(τ)
]
= −M
4(τ)
64π2a4
L0 +
M4(0)
128π2a4
− M
2
0M
2(τ)
32π2a4
(7.4)
= −
[
m2 + (ξ − ξn)R + λ2ϕ2
]2
64π2
L0 +
M4(0)
128π2a4
− M
2
0M
2(τ)
32π2a4
.
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The terms proportional λm2ϕ2 and λ2/4ϕ4 in (7.4) are cancelled by the mass
and coupling constant counter terms. The divergent term which depends on
m4 determines the cosmological constant counter term, that is
δΛ˜ =
m4
64π2
L . (7.5)
The remaining terms in (7.4) combine with the corresponding expressions of
the remaining parts of Ediv,fluc:
−1
2
(6ξ − 1)(R
6
+H2)
1
an−2
∫
dn−1k
(2π)n−1
[
1
2Ωk0
− 1
4Ω3k0
V (τ)
]
= (6ξ − 1)
(
R
6
+H2
)
M2(τ)
32π2
L0
+
1
32π2
(6ξ − 1)
(
R
6
+H2
)
M20 , (7.6)
and
−1
2
(6ξ − 1) H
a3−n
∫
dn−1k
(2π)n−1
1
4Ω3k0
V ′(τ)
= − 1
32π2
(6ξ − 1)H
a
L0
[
2aHM2 +
(
ξ − 1
6
)
a2R′ + λϕϕ′ − λaHϕ2
−λ
2
(n− 4)aHϕ2 − n− 4
36
(
a2R′ + 2a3H
)]
+O(n− 4) (7.7)
The term λ(ξ−1/6)Rϕ2 in (7.4) is cancelled by the same term with opposite
sign in (7.6). The H2ϕ2-terms in (7.6) and (7.7) are absorbed by the counter
term proportional to δξ, and the divergence proportional to ϕϕ′ is compen-
sated by this counter term as well. The remaining ϕ-independent but still
time-dependent divergent terms can absorbed into the counter terms δα˜ Htt
and δZ˜ Gtt. We choose
δα˜ = −(ξ −
1
6
)2
32π2
L , (7.8)
δZ˜ = −(ξ −
1
6
)m2
16π2
L . (7.9)
This way all divergent integrals appearing in the unrenormalized fluctuation
integral of the energy are removed by the corresponding counter terms, the
renormalized expression for the energy will be given below.
21
We shall now comment on the terms leading to the trace anomaly. Ein-
stein’s equation and therefore the energy-momentum tensor contain the terms
δα˜ (1)H µν + δβ˜
(2)H µν + δγ˜ H µν . (7.10)
All the three tensors are conserved; furthermore, in 4-dimensional confor-
mally flat space they are linearly related by Eqs. (2.11) and (2.12), and are
in fact proportional to each other. Therefore, the condition of a finite energy-
momentum tensor cannot determine the three coefficients δα˜ , δβ˜ and δγ˜, if
one considers just this restricted class of metrics. So we have to reconsider
our previous choice of δα˜. As we do not consider a more general metric here,
we have to supply some additional information.
The divergent part of the energy-momentum tensor for a general metric
in dimensional regularization has been worked out in [34] and is discussed in
detail in [30]. One finds
〈Tµν〉div = 1
32π2
[
1
90
H µν − 1
90
(2)H µν +
(
ξ − 1
6
)2
(1)H µν
]
L . (7.11)
As (2)H µν = H µν , in n = 4 and for our metric, our divergent part is con-
sistent with this expression. It is apparent that within our framework there
is no way to determine the coefficients of these two tensors, which are the
source of the conformal anomaly. Therefore, the absence of these terms in
our previous publication is not, as suggested in [29], due to an inconsistency
of our perturbative expansion. They have to be taken over from a more
general analysis. Having chosen, accordingly,
δβ˜ = −δγ˜ = 1
2880π2
L (7.12)
we continue from n 6= 4 to obtain the finite terms arising from an 1/(n− 4)
in the renormalization constants multiplied with the (n − 4) parts of the
tensors, as displayed explicitly in Eqs. (2.22-2.27). These finite parts then
contain the conformal anomaly, and further terms proportional to ξ − 1/6.
The anomalous parts of the zero-zero component and of the trace are
Ttt
ano = δβ˜ (2)H tt + δγ˜ H tt
=
1
2880π2
(
H
R′
a
+RH2 − 1
12
R2 − 3H4
)
(7.13)
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and
T µµ
ano = δβ˜ (2)H µµ + δγ˜ H
µ
µ
=
1
2880π2
(
R′′
a2
+ 2H
R′
a
− 2RH2 + 12H4
)
. (7.14)
After regularization and renormalization the energy-momentum tensor is
given by
T rentt =
1
2a4
ϕ′2 +
1
2a2
(m2 +∆m2)ϕ2 +
λ+∆λ
4!a4
ϕ4
−6
(
ξ − 1
6
+ ∆ξ
)(
H2
2a2
ϕ2 − H
a3
ϕϕ′
)
+∆Λ˜ + ∆α˜ (1)Htt +∆Z˜Gtt + T
q,fin
tt
. (7.15)
The renormalized expressions the tensors (1)Htt and Gtt are the ones in four
dimensions. The finite remnants of the divergent parts have the coefficients
∆α˜ =
(
ξ − 1
6
)2
32π2
ln
m2a2
M20
, (7.16)
∆Λ˜ = − m
4
64π2
ln
m2a2
M20
, (7.17)
∆Z˜ =
(
ξ − 1
6
)
m2
16π2
ln
m2a2
M20
, (7.18)
which again are time-dependent, due to the occurence of a(τ).
The fluctuation part of the energy density expressed through finite mode
integrals is given by
T q,fintt = Ekin,fin + V (τ)
Ffin
2a4
+
1
2
(6ξ − 1)H
a3
F ′fin
−1
2
(6ξ − 1)
(
R
6
+H2
) Ffin
a2
+ T addtt
(7.19)
where
Ekin,fin(τ) = − 3M
4
0
128π2a4
+
1
2a4
∫
d3k
(2π)3
1
2Ω0
[
|h(1)k
′|2 − V
2(τ)
4Ω2k0
]
, (7.20)
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and
T addtt = T
ano
tt +
H
96π2a3
(
aHM2 − V ′
)
+
1
16π2
(
ξ − 1
6
)( (1)Htt (4)
36
+
R2
72
+
6H2M2
a2
)
, (7.21)
or, explicitly,
T addtt = T
ano
tt +
(
ξ − 1
6
)
8π2
[
−R
′H
6a
− 3
(
ξ − 1
6
)
RH2 − 3
2
H2
a2
λϕ2 +
1
72
R2
−3m2H2 − 1
6
RH2
]
− λ
96π2a3
Hϕ
(
ϕ′ − 1
2
aHϕ
)
− m
2
96π2
H2
. (7.22)
Next we have to consider the renormalization of the trace of the energy-
momentum tensor. We introduce the available counter terms into the un-
renormalized expression for T µµ and separate the trace according to Eq. (7.1).
T µµ
(4) is given by
T µµ
(4) = − [1− 6(ξ + δξ)]
(
ϕ′2
a4
+
H2
a2
ϕ2 − 2H
a3
ϕϕ′
)
+
6(ξ + δξ)
a4
ϕϕ′′
+2(m2 + δm2)
ϕ2
a2
+
λ+ δλ
6a4
ϕ4
+4δΛ˜ + δZ˜Gµµ
(4) + δα˜ (1)Hµµ
(4) + T µµ
ano
+
1
an−2
∫
dn−1k
(2π)n−1
1
2Ωk0
{
(6ξ − 1)
[( |U ′k|2
a2
− Ω2(τ) |Uk|
2
a2
)
+
(
H2 −R/6
)
|Uk|2 − H
a
d
dτ
|Uk|2
]
+
(
m2 +
λ
2
ϕ2
a2
)
|Uk|2
}
. (7.23)
We can split the trace of the stress tensor into a divergent and into a conver-
gent part. The divergent part of T µµ
(4) reads after dimensional regularization
T µµ div =
1
32π2a2
(1− 6ξ)
[
V ′′(τ)
a2
− 2H
a
V ′(τ)
]
L0 (7.24)
− 1
16π2a2
[
m2 +
λ
2a2
ϕ2 − (1− 6ξ)(H2 − R
6
)
]
M2(τ)L0 .
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Inserting the derivatives of the potential V (τ) we see that again the counter
terms absorb all divergent terms in the fluctuation integral of T µµ . The renor-
malized trace of the stress tensor takes the final form
T µµ
ren = − [1− 6(ξ +∆ξ)]
(
ϕ′2
a4
+
H2
a2
ϕ2 − 2H
a3
ϕϕ′
)
+
6(ξ +∆ξ)
a4
ϕϕ′′ + 2(m2 +∆m2)
ϕ2
a2
+
λ+∆λ
6a4
ϕ4
+4∆Λ˜ + ∆α˜Hµµ +∆Z˜G
µ
µ + T
µ
µ
q,fin . (7.25)
The finite fluctuation parts of the trace of the energy-momentum tensor are
T µµ
q,fin = (1− 6ξ)F
′′
fin
2a4
+
H
a3
(1− 6ξ)F ′fin
+
[
m2 +
λ
2a2
ϕ2 − (1− 6ξ)
(
H2 − R
6
)] Ffin
a2
+ T µµ
add
(7.26)
where
T µµ
add = T µµ
ano − 1
16π2
(
V ′′
6
+
H2M2
3a2
+
M4
2a4
− V
′
3a3
)
(7.27)
− 1
16π2
(
ξ − 1
6
)(
12
H
a3
V ′ +
(
R + 18H2
)
M2 − 1
18
R2 −
(1)Hµµ
36
)
,
or, explicitly,
T µµ
add = T µµ
ano − 3
4π2
(
ξ − 1
6
)2 [
H
R′
a
+
1
2
RH2 +
1
8
R2
]
+
1
4π2
(
ξ − 1
6
) [
− R
′′
12a2
− 1
6a
HR′ − 1
4a2
λϕ2R− 1
2
m2R
−3λH
a3
ϕ′ϕ +
9
4a2
H2λϕ2 − 3
2
H2m2
]
− 1
32π2
(
m2 +
λ
2a2
ϕ
)2
− λ
96π2a4
(ϕ′ − aHϕ)2 − λ
96π2a4
ϕϕ′′ − 1
288π2
m2R . (7.28)
Comparing to Eq. (3.17) of [29] some differences in the coefficients can be
absorbed into a different choice of the finite parts of the renormalization
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constants. The terms proportional to ln a(τ) given there are included here
into T µ renµ via the coefficients ∆Λ˜,∆Z˜, and ∆α˜; they are identical. We have
checked, using MAPLE, that the energy momentum tensor is covariantly
conserved. This is a valuable cross check, as it relates the various terms in
Ttt and Tµν in a rather complex way.
8 Removing initial singularities
The set of initial conditions used in the previous section leads, after renormal-
ization, to singularities at τ = 0 in the remaining fluctuation integrals occur-
ing in the equation of motion for the inflaton and in the energy-momentum
tensor. This means that these initial singularities affect the Friedmann equa-
tions as well. As already shown in [27] these singularities can be removed
by a suitable Bogoliubov transformation of the naive initial state, i.e., the
vacuum state of a Fock space based on the mode functions with the initial
conditions Eq. (3.22).
Choosing such an initial state one finds, in the fluctuation integral Ffin
the terms (6.14):
F singfin =
∫
d3k
(2π)3
[
V ′(0)
8Ω4k0
sin(2Ωk0τ)− V
′′(0)
16Ω5k0
cos(2Ωk0τ)
]
. (8.1)
While these are only nonanalytic as τ → 0, their first and second derivatives
are singular. They occur in the energy-momentum tensor via (7.19) and
(7.26). The singular behaviour is given by
F sing′fin =
∫
d3k
(2π)3
[
V ′(0)
4Ω3k0
cos(2Ωk0τ) +
V ′′(0)
16Ω4k0
sin(2Ωk0τ)
]
t→0≃ − 1
8π2
ln(2mτ)V ′(0) , (8.2)
F sing′′fin =
∫ dn−1k
(2π)n−1
[
− V
′(0)
2Ω2k0
sin(2Ωk0τ) +
V ′′(0)
8Ω3k0
cos(2Ωk0τ)
]
t→0≃ − 1
16π2τ
V ′(0) +
1
16π2
ln(2mτ)V ′′(0) . (8.3)
A Bogoliubov-transformed initial state (which is the Heisenberg state of the
system) can be defined by requiring[
a(k)− ρka†(k)
]
|i〉 = 0 . (8.4)
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If the fluctuation integral, the energy and the pressure are computed by
taking the trace with respect to this state the functions Uk(τ) get replaced
by
Fk(τ) = cosh(γk)Uk(τ) + e
iδk sinh(γk)U
∗
k (τ) , (8.5)
where γk and δk are defined by the relation
ρk = e
iδ tanh(γk) . (8.6)
The fluctuation integral then becomes
F(τ) =
∫ dn−1k
(2π)n−1
|Fk(τ)|2 (8.7)
=
∫
dn−1k
(2π)n−1
{
cosh(2γk(τ))|Uk(τ)|2 + sinh(2γk)Re
(
e−iδkU2k (τ)
)}
.
Expanding as before we find
F(τ) =
∫
dn−1k
(2π)n−1
{
cosh(2γk)
[
1− V (τ)
2Ω20
+
V (0)
2Ω20
cos(2Ω0τ) +
V ′(0)
4Ω30
sin(2Ω0τ)
+
V ′′(τ)
8Ω40
− V
′′(0)
8Ω40
cos(2Ω0τ)− 1
8Ω40
C(V ′′′, τ) + 2Reh(2)k + |hk|2
]
+ sinh(2γk) cos(δk) cos(2Ω0τ) (8.8)
− sinh(2γk) sin(δk) sin(2Ω0τ) + sinh(2γk)Ree−2iΩ0τ−iδ
(
2hk + h
2
k
)}
.
Requiring that the terms proportional to V ′(0) and V ′′(0) vanish leads to the
conditions
tan(δk) = 2Ωk0
V ′(0)
V ′′(0)
, (8.9)
tanh(2γk) =
V ′′(0)
8Ω4k0
[
1 + tan2(δk)
]1/2
. (8.10)
For large k this behaves as
γk
k→∞≃ |V
′(0)|
8Ω3k0
. (8.11)
The factor cosh(2γk) is equal to 1 for γk = 0; the difference w.r.t. 1 is given
by
cosh(2γk)− 1 = 2 sinh2(γk) k→∞≃ V
′2(0)
32Ω4k0
. (8.12)
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The new terms proportional to sinh(2γk) behave as behave as
sinh(2γk)
k→∞≃ |V
′(0)|
4Ω3k0
. (8.13)
The dimensionally regularized fluctuation integral (8.8) takes, after cancel-
lation of the singular integrals induced by Eqs. (8.9) and (8.10), the form
Freg(τ) = − m
2
0
16π2
(L0 + 1)− V (τ)
16π2
L0
+
∫ dn−1k
(2π)n−1
{
sinh2(γk)
[
1− V (τ)
2Ω2k0
]
+cosh(2γk)
[
V ′′(τ)
8Ω4k0
1
8Ω4k0
C(V ′′′, τ) + 2Reh(2)k + |hk|2
]
+ sinh(2γk)Ree
−2iΩk0τ−iδ
(
2hk + h
2
k
)}
. (8.14)
Using (8.12) and (8.13) we see that the Bogoliubov transform does not affect
the ultraviolet divergences, and that, therefore, the renormalization proce-
dure remains unchanged.
The structure of the equation of motion and the energy-momentum tensor
remains the same after the Bogoliubov transformation, if the fluctuation
integral Ffin is replaced by
F˜fin = − m
2
0
16π2
+
∫
d3k
(2π)3
1
2Ω0
{
2 sinh2(γk)
[
1− V (τ)
2Ω2k0
]
+cosh(2γk)K1(k, τ) + sinh(2γk)K2(k, τ)
}
, (8.15)
where we have introduced the functions:
K1(k, τ) =
[
V ′′(τ)
8Ω4k0
− C(V
′′′, τ)
8Ω4k0
+ 2Reh
(2)
k + |hk|2
]
, (8.16)
K2(k, τ) = Re
{
e−2iΩk0τ−iδ
(
2hk + h
2
k
)}
. (8.17)
Similarly, Ekin,fin becomes
E˜kin,fin = 1
a4
∫
d3k
(2π)3
1
2Ω0
{
2 sinh2(γk)
[
2Ω20 +
V 2(τ)
4Ω20
]
(8.18)
+ sinh(2γ)K3(k, τ) +K4(k, τ) cosh
2(2γk)
}
− 3M
4
0
128π2a4
,
28
where K3(k, τ) denotes
K3(k, τ) = Re
{
e−2iΩk0τ−iδ
[
h′
2
k − 2iΩk0 (1 + hk) h′k
]}
, (8.19)
K4(k, τ) =
1
2
[
|h(1)′k |2 −
V 2(τ)
4Ω20
]
. (8.20)
With these replacements in the equation of motion and in the energy-momen-
tum tensor the inflaton eqution of motion and the Friedmann equations are
ultraviolet finite and free of initial singularities. We should mention that this
initial state is not determined uniquely. Any state or density matrix based
on this new ‘vacuum state’ is admissible as long as the spectrum of coherent
or incoherent exictations decreases stronger than the one parametrized by
the Bogoliubov angles γk and δk.
We should like to mention that fixing the initial conditions results in a
selfconsistency problem, as the finite, modified fluctuation integrals in the
equation of motion and in the energy-momentum tensor do not vanish at
τ = 0. They depend on the other initial parameters H(0), R(0), ϕ(0), ϕ′(0),
and ϕ′′(0), and vice versa. For the typical parameter sets, this selfconsistency
problem can be solved by an iteration which converges quickly.
9 Large N model
9.1 General formalism
We now consider the O(N) σ model defined by the Lagrangian
L = 1
2a4
∂µφ
i∂µφi − 1
2a2
m2φiφi − ξ
2
Rφiφi − λ
4Na4
(φiφi)2 . (9.1)
whith N real scalar fields φi, i = 1, .., N . The nonequilibrium state of the
system is characterized by a classical expectation value which we take in the
direction of φN . We split the field into its expectation value, or mean field,
φ and the quantum fluctuations ψ via
φi(x, τ) = δiN
√
Nφ(τ) + ψi(x, τ) . (9.2)
In the large-N limit one neglects, in the Lagrangian, all terms which are not of
order N . In particular terms containing the fluctuation ψN of the component
φN are at most of order
√
N and are dropped, therefore. This is in contrast
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to the Hartree approximation where the fluctuations of φN are included.
The fluctuations of the other components are identical, their summation
produces factorsN−1 = N(1+O(1/N)). The quantum fluctuations are again
decomposed into mode functions via (3.19). The nonequilibrium equations of
motion for the field φ(τ) and of the mode functions Uk(τ) have been derived
by various authors [7, 8]. These equations differ from those of the one-loop
approximation by the fact that the fluctuation integral not only modifies the
mass of the mean field, but also the one of the quantum fluctuations.
The equation of motion for the mean field can be written as
φ′′(τ) +M2(τ)φ(τ) = 0 , (9.3)
the one for the mode functions as
U ′′k (τ) +
[
k2 +M2(τ)
]
Uk(τ) = 0 , (9.4)
with the same effective mass
M2(τ) = a(τ)2
[
m2 + δm2 + (ξ + δξ − ξn)R(τ)
]
+(λ+ δλ)a(τ)ǫ
(
φ(τ)2 + F(τ)
)
. (9.5)
We have included here the renormalization counter terms. F(τ) is again the
fluctuation integral
F(τ) =
∫ dn−1k
(2π)n−1
1
2Ω0
|Uk|2 . (9.6)
We restrict ourselves to a temperature T = 0 system, here. Generalization to
thermal systems is straightforward [35]. As in the one-loop case we rewrite
the mode equation in the form[
d2
dτ 2
+ Ω2k0
]
Uk(τ) = −V (τ)Uk(τ) , (9.7)
introducing, thereby, the time dependent potential
V (τ) = M2(τ)−M2(0) , (9.8)
The “initial mass” M(0) = m0 will be determined below, as a solution of a
gap equation. We define the time-dependent frequency Ωk(τ) via
Ω2k(τ) = k
2 +M2(τ) . (9.9)
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In the large-N limit, and in n dimensions the energy density is given by
Ttt =
1
a2−ǫ
{
1
2a2
ϕ′2 +
1
2
(m2 + δm2)ϕ2 +
(λ+ δλ)(aµ)ǫ
4a2
ϕ4
+2(n− 1) (ξ + δξ − ξn)
(
H
a
ϕϕ′ − 1
4
(n− 2)H2ϕ2
)
− λ+ δλ
4a2−ǫ
F2
}
+δΛ˜ + δZ˜Gtt + δα˜
(1)Htt + δβ˜
(2)Htt + δγ˜Htt
+
1
a2−ǫ
∫
dn−1k
(2π)n−1
{ |U ′k|2
2a2
+
1
2a2
Ωk(τ)
2|Uk|2
+(n− 1) (ξ + δξ − ξn)
[
H
a
d
dτ
|Uk|2 − 1
2
(
(n− 2)H2 + R
(n− 1)
)
|Uk|2
]}
,
(9.10)
and the trace of the energy-momentum tensor takes the form
T µµ =
1
a2−ǫ
{
2(n− 1) (ξ + δξ − ξn)
[
ϕ′
a
− 1
2
(n− 2)Hϕ
]2
+2(n− 1)(ξ + δξ)ϕϕ
′′
a2
+ n
[
1
2
(m2 + δm2)ϕ2 +
(λ+ δλ)(aµ)ǫ
24a2
ϕ4
]}
+nδΛ˜ + δZ˜Gµµ + δα˜
(1)Hµµ + δβ˜
(2)Hµµ + δγ˜H
µ
µ
+
1
a2−ǫ
∫ dn−1k
(2π)n−1
{
1
2
[n− 2− 2(n− 1)(ξ + δξ)]
[
−|U
′
k|2
a2
+
Ωk(τ)
a2
|Uk|2
+
1
2
(n− 2)H
a
d
dτ
|Uk|2 − 1
4
(n− 2)2
(
H2 − R
(n− 1)(n− 2)
)
|Uk|2
]
+
(
m2 + δm2 +
(λ+ δλ)(aµ)ǫ
2a2
)
|Uk|2
}
− 1
4a4−2ǫ
(n− 4)(λ+ δλ)F2 .
(9.11)
9.2 Renormalization
The way in which the renormalization counter terms are determined in the
large-N case has been described in detail in [35]. We will closley follow this
approach. As in the one-loop case use the expansion of the mode functions
in order to single out the divergent parts:
F = −M2(τ)x0 − m
2
0
16π2
+ Ffin (9.12)
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with
x0 =
1
16π2
{
2
ǫ
+ ln
4πµ2
M2(0)
− γ
}
. (9.13)
The finite part of the fluctuation integral reads
Ffin =
∫
dn−1k
(2π)n−1
1
2Ωk0
(
1
2Ωk0
C(V ′, τ) + 2Reh(2)k + |h(1)k |2
)
, (9.14)
The renormalization conditions for mass, coupling to the Ricci scalar and
coupling constant are obtained from the requirement that the frequencies
which appear in the mode equations are finite, i.e. that M2(τ) is a finite
quantity:
a2
[
m2 + δm2 + (ξ + δξ − 1
6
)R
]
+ (λ+ δλ)
(
φ2 + F
)
= a2
[
m2 + (ξ − 1
6
)R
]
+ λ
(
φ2 − m
2
0
16π2
+ Ffin
)
(9.15)
From this condition, and using Eq. (9.12), we find the following counter
terms
δλ =
λ2x
1− λx , (9.16)
δm2 =
m2
1− λx (x+ ρλ) , (9.17)
δξ =
λ
1− λx
[(
ξ − 1
6
)
x+ σ
]
. (9.18)
The occurence of the free parameters ρ, σ shows that the counter terms are
not determined uniquely; the choice of these parameters corresponds to the
freedom of an independent choice of renormalization conventions.
We obtain for M2 the manifestly finite expression:
M2(τ) = N (τ)
{
a(τ)2
[
m2 + λρ+ (ξ − 1
6
+ λσ)R(τ)
]
+λ
[
φ(τ)2 − m
2
0
16π2
− a(τ)
2R(τ)
288π2
+ Ffin(τ)
]}
. (9.19)
Here
N (τ) = 1
1− λ(x− a(τ)ǫx0) =
1
1 + λ
16π2
ln m
2a(τ)2
m2
0
, (9.20)
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and
x =
1
16π2
{
2
ǫ
+ ln
4πµ2
m2
− γ
}
. (9.21)
We are now able to determine m20. Taking Eq. (9.19) at τ = 0 we obtain an
implicit equation for m0 = M(0), the gap equation
m20 = N
{
a2(0)
[
m2 + λρ+ (ξ − 1
6
+ λσ)R(0)
]
(9.22)
+λ
[
φ2 − m
2
0
16π2
− a
2(0)R(0)
288π2
]}
.
With Eqs. (9.19) and (9.22) the time dependent potential V (τ) =M2(τ)−m20
can be expressed in terms of finite quantities.
Renormalization of the energy-momentum tensor proceeds analogously.
We insert the perturbative expansion of the mode functions and determine
the remaining counter terms so as to render the tensor finite. We require
them again to be independent of time and of the initial conditions. The
energy density then is given by
E = 1
a2−ǫ
{
1
2a2
ϕ′2 +
1
2
(m2 + δm2)ϕ2 +
λ+ δλ
4a2−ǫ
ϕ4
}
+δΛ˜ + δα˜ (1)Httδβ˜
(2)Htt + δγ˜Htt + δZ˜Gtt
+2(n− 1)(ξ + δξ − ξn)
(
−1
4
(n− 2) H
2
a2−ǫ
ϕ2 +
H
a3−ǫ
ϕϕ′
)
+ Ekin,fin
+
1
a2−ǫ
{
−M
2(τ)2x0
4a2
− m
2
0V (τ)
32π2a2
+
V (τ)Ffin
2a2
+
−1
2
(n− 1) (ξ + δξ − ξn)
(
R
2(n− 1) +
1
2
(n− 2)H2
)
×
×
(
−M2(τ)x0 − m
2
0
16π2
+ Ffin
)
+
H
a
(n− 1) (ξ + δξ − ξn) (−V ′(τ)x0 + F ′fin)
−λ+ δλ
4a2−ǫ
(
−M2(τ)x0 − m
2
0
16π2
+ Ffin
)2}
, (9.23)
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explicitly displaying the divergent parts. We have defined
Ekin,fin = − 3m
4
0
128π2a4
+
1
2a4
∫
d3k
(2π)3
1
2Ωk0
[
|h(1)′k |2 −
V 2(τ)
4Ω2k0
]
. (9.24)
After inserting the expressions for the coefficients δλ, δm2 and δξ we can now
fix the coefficients of the higher derivative counter terms, the cosmological
constant and the wave function renormalization so as to obtain a finite ex-
pression for the energy density. This is a very tedious exercise; using MAPLE
we find
δα = −
(
ξ − 1
6
+ λσ
)2
x
2(1− λx) , (9.25)
δΛ =
xm4
(
1 + λρ
m2
)2
4(1− λx) , (9.26)
δZ =
xm2
(
1 + λρ
m2
) (
ξ − 1
6
+ λσ
)
1− λx , (9.27)
and renormalized energy density
Eren = ϕ
′2
2a4
+N (m2 + λρ) ϕ
2
2a2
+
Nλ
4a4
ϕ4
−N (6ξ − 1 + 6λσ)
(
H2
2a2
ϕ2 − H
a3
ϕϕ′
)
+∆Λ˜ + ∆α˜Htt +∆Z˜Gtt
+Ekin,fin + 1
2a4
[
V (τ) +Nλ a
2R
288π2
](
F˜fin − m
2
0
16π2
)
− N
2a2
(6ξ − 1 + 6λσ)
(
R
6
+H2
)(
F˜fin − m
2
0
16π2
)
+N (6ξ − 1 + 6λσ) H
2a3
F˜ ′fin −
Nλ
4a4
(
F˜fin − m
2
0
16π2
)2
+T anott +
H
96π2a3
(
aHM2 − V ′
)
− N
331776π4
λR2
+
N
16π2
(
ξ − 1
6
)( (1)Htt
36
+
R2
72
+
6H2M2
a2
)
. (9.28)
The coefficients of the finite parts of the counter terms are:
∆α˜ =
N
1152π2
(6ξ − 1 + 6λσ)2 ln m
2a(τ)2
m20
, (9.29)
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∆Z˜ =
N
432π2
(
m2 + λρ
)
(6ξ − 1 + 6λσ) ln m
2a(τ)2
m20
, (9.30)
∆Λ˜ = − N
64π2
(
m2 + λρ
)2
ln
m2a(τ)2
m20
. (9.31)
The renormalized trace of the energy-momentum tensor does not require any
further counter terms, we find
T µµ = N (6ξ − 1 + 6λσ)
(
ϕ′2
a4
+
ϕϕ′′
a4
+
H2
a2
ϕ2 − 2H
a3
ϕϕ′
)
+
ϕϕ′′
a4
+2N (m2 + λρ)ϕ
2
a2
+
Nλ
a4
ϕ4 + 4∆Λ˜ + ∆α˜Hµµ +∆Z˜G
µ
µ
−N (1− 6ξ − 6λσ)F˜
′′
fin
2a4
−N (6ξ − 1 + 6λσ)H
a3
F˜ ′fin
+N
(
m2 + λρ+
λ
a2
ϕ2
)(F˜fin
a2
− m
2
0
16π2a2
)
+N (6ξ − 1 + 6λσ)
(
H2 − R
6
)(F˜fin
a2
− m
2
0
16π2a2
)
+T µµ
ano − 1
16π2
(
V ′′
6
+
H2M2
3a2
+
M4
2a4
− V
′
3a3
)
− N
16π2
(
ξ − 1
6
)(
12
H
a3
V ′ +
(
R + 18H2
)
M2 − 1
18
R2 −
(1)Hµµ
36
)
− N
18π2
λR
a2
(
m20
16π2
− F˜fin + a
2R
288π2
)
. (9.32)
9.3 Removing initial singularities
We again have to remove the initial singularities. The construction of the
initial state, and the modified expressions are analogous to those of section
8. Of course for the potential V (τ) one has to use Eqs. (9.8), (9.19), and
(9.22). As in the one-loop case the initial parameters have to be determined
in a selfconsistent way, here in addition one has to solve the gap equation.
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10 Numerical results
We have numerically implemented the formalism developed in the previous
sections. We present here some results of the numerical computations. We
restrict the presentation to results for the O(N) σ model.
We consider the coupled evolution of the scale parameter via the renor-
malized Friedmann equations (2.13), (2.14) with the energy-momentum ten-
sor given in Eqs. (9.28) and (9.32), of the inflation field via Eq. (9.3), and
of the quantum modes using Eq. (9.1). The quantum back reaction on the
inflaton field and the scale parameter is included from the initial time on,
this start having made possible by the modification of the initial state.
We show results for different sets of parameters, choosing values that are
considered realistic for chaotic inflation, similar to those used in [12]. We
do not consider the evolution during inflation, but only during the reheating
period. This means that the initial amplitude of the inflaton field φ(0) is
less or at most of the order of the Planck mass. During inflation the low
momentum modes increase exponentially, requiring a different numerical or
semianalytic approach [19, 10, 36].
We set λ = 10−12 throughout. This is a value considered to be realistic.
The inflaton mass is currently estimated to be of the order m ≃ 10−6 ·MP .
With such a value fluctuations do not develop, even if ϕ(0) ≃ MP , and the
evolution is dominated by the classical amplitude. We therefore consider
smaller values of the inflaton mass, we also vary the initial field amplitude.
In one group of parameter sets we fix the ratio ϕ(0)/m and vary the ratio
m/MP , as it was done in [12]. In another set we start with ϕ(0) = 2MP and
vary the ratio m/MP . The parameters of the various sets are displayed in
Table 1.
In the first group with the parameters sets 1, 2 and 3 we fix ϕ(0)/m =
2 · 107 and choose m/MP = 10−12, 10−8, and 10−7, respectively. This entails
that the initial amplitudes vary along with the masses. The absolute time
scale is determined by setting m = 1 in the numerical computations. So
for all Figures which refer to this data set the abscissa is mτ . This also
determines the units of the various physical quantities.
For first parameter set the initial amplitude is extremely small, and so is
the back reaction on the scale parameter. We have essentially the situation
of Minkowski space-time. The scale parameter stays almost constant. The
evolution of the field amplitude ϕ is shown in Fig. 1. The fluctuations develop
until Ffin ≃ ϕ2 and then have a stationary amplitude, as well-known from
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studies of the large N model [37, 35]. We display, in Fig. 2, the fluctuation
energy and the total energy, which show a small asymptotic decrease due to
the expansion. The asymptotic value of the ratio p/E is found to be 1/3,
corresponding to a radiation dominated ensemble.
For the second set the evolution of the scale parameter is plotted in Fig.
3; it is sizeable as to be expected for an initial amplitude ϕ(0) = 0.2MP .
The classical field amplitude, as displayed in Fig. 4 , starts decreasing after
mτ ≈ 5; the asymptotic decrease is stronger than expected for the large-
time behaviour in Minkowski-space time (τ−.27), and so is due, in part, to
the expansion. The fluctuations, diplayed in Fig. 5 develop again until the
asymptotic amplitude is reached, at the same time they are red-shifted. The
ratio p/E , shown in Fig. 6 becomes ≃ 1/3 (radiation dominated) after the
fluctuations set in, and decreases to zero asymptotically. This has similarly
been found in [10] for a similar parameter set. The fluctuation energy be-
comes of the same order, as the total energy, see Fig. 7 . We finally plot,
in Fig. 8 , a typical energy distribution of the produced quanta, with the
familar resonance band at low energy.
For parameter set 3 the field amplitude starts at 2MP . The scale param-
eter develops strongly (see below). The fluctuations hardly develop, they are
redshifted immediately. The evolution is essentially driven by the classical
field, with 〈p/E〉 ≈ 0. We show the classical amplitude in Fig. 9., its decrease
is mainly due to the expansion.
These results are qualitatively analogous to those of [12], where λ was
chosen 10−14. The main difference is in the time scale for the built-up of
fluctuations. In [12] the mass m is of the order
√
λφ(0), while here the latter
quantity is ten times bigger, and dominates in the estimates for the time
scales.
We now consider the second group of parameter sets, for which the initial
amplitude is fixed, ϕ(0) = 2MP . For the sets 3, 4, and 5 the inflaton mass
then is chosen as m/MP = 10
−7, 10−8, and 10−12, respectively. Numerically
we have putMP = 10
7 for all parameter sets. So for all Figures which refer to
this data set, the abscissa is 107MP τ , and the units for all physical quantities
are fixed correspondingly.
The data set 3 has been discussed above, it displays a strong expansion
and fluctuations play essentially no roˆle. The situation changes with de-
creasing inflaton mass, which for data set 4 is smaller by a factor of 10. The
universe then still expands strongly, but at the same time we find sizeable
fluctuations. Still the fluctuation energy only amounts to one part in 105 of
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the total field energy. For the much smaller masses value m/MP = 10
−12 the
expansion rate only goes down by a factor of about 5, the fluctuation energy
is of the same order as the total energy.
We show, in Fig. 10, the evolution of the scale parameter for the data
sets 3, 4, and 5, all of which show a strong increase. The computation of
the time evolution for data set 3 was stopped at τ ≃ 9 as the oscillation
period in conformal time decreases, requiring very small time steps. The
evolution becomes uninteresting in the present context, as the fluctuations are
negligible. In Fig. 11 we display the fluctuation energy for these parameter
sets. We also plot the total energy for set 5, the total energy for the other
sets is almost identical, on the logarithmic scale. It is clearly seen that for
set 3 the fluctuations hardly develop and are redshifted immediately. For set
4 with a somewhat smaller inflation mass the fluctuations evolve but remain
on the level of one part in 1000. Finally, for very small masses the fluctuation
energy increases to the same order of magnitude, roughly 90% of the total
energy.
The computations were performed on PentiumII PC’s , the CPU time for
one of the parameter sets as presented above, was 4 − 8 hours. The typical
time step, on the scale displayed in the Figures, was 10−3, with an adaptive
step-size control. The covariant energy conservation was fulfilled to better
than 1 part in 105.
11 Outlook
We have presented here the renormalized equations of motion for a self-
coupled scalar field in a conformally flat FRW universe including the quan-
tum back reaction in one-loop and large-N approximations. We have ap-
plied this formalism to the post-inflationary preheating period. Our results
are consistent with those of other authors if we choose the same parameter
sets. We found that for sufficiently light inflaton masses and initial values in
the range ϕ ≃ MP one can have a substantial growth of the energy of the
fluctuations at the same time as a substantial cosmological expansion. Such
low values of the mass are not in the range of commonly accepted inflaton
masses; however, this case could be relevant if the quantum fluctuations are
those of other fields.
We have not considered the inflationary stage itself. In this case, for
ξ = 0, the low momentum modes grow exponentially due to a term −R/6 in
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the effective mass, even in the absence of spinodal decomposition. This expo-
nential growth and the extreme red-shifting pose special numerical problems,
so that semi-analytical techniques become necessary. The collective evolu-
tion of the low momentum modes (‘zero mode assembly’) indeed leads to an
essential simplification [10, 36].
We have considered here the quantum fluctuations of the inflaton field
itself. It would be interesting to couple other fields, as e.g. fermion or
gauge fields to the inflaton. This would allow for a more general choice
of parameters and could lead to interesting phenomena as e.g. fermionic
preheating [32, 38]
It is known since some time [39], that gravitational gauge invariance re-
quires the inclusion of the scalar metric perturbations on the same level as
the inclusion of the scalar field fluctuations. The resonant growth of such
metric perturbations in conjunction with those of the scalar field has been
considered recently [40]. It would be interesting to extend the formalism
presented here so as to include metric perturbations.
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Table Captions
Table 1: Parameter sets. We display the parameters of the parameter sets
1− 5. We only show the various ratios. The numerical values of the dimen-
sionful quantities m,MP , and ϕ(0) in the computer code are fixed by the
numerical value ϕ(0) = 2 · 107.
Figure Captions
Fig. 1: Classical amplitude ϕ(τ) for parameter set 1.
Fig. 2: Fluctuation energy (solid line) and total energy (dashed line) for
parameter set 1.
Fig. 3: Evolution of the scale parameter a(τ) for parameter set 2.
Fig. 4: Classical amplitude ϕ(τ) for parameter set 2.
Fig. 5: Fluctuation integral Ffin for parameter set 2.
Fig. 6: Ratio if pressure to energy density, p/E , for parameter set 2.
Fig. 7: Fluctuation energy (solid line) and total energy (dashed line) for
parameter set 2.
Fig. 8: The energy distribution of the fluctuations at τ = 20 for parameter
2.
Fig. 9: Classical amplitude ϕ(τ) for parameter set 3.
Fig. 10: Evolution of the scale factor a(τ) for parameter set 3 (dotted line),
set 4 (solid line), and set 5 (dashed line).
Fig. 11: Evolution of the fluctuation energy for parameter set 3 (dotted
line), set 4 (dash-dotted line), and set 5 (solid line). The total energy (dashed
line) is the one for parameter set 5.
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set # λ m/MP ϕ(0)/MP
1 10−12 10−12 2 · 10−5
2 10−12 10−8 2 · 10−1
3 10−12 10−7 2
4 10−12 10−8 2
5 10−12 10−12 2
Table 1
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